KFU’s Interregional Subject Olympiad
profile ""Mathematics' (solutions)
for 10-11th grade students
(March 2025)

Problem 1 (10 points).

Peter bought several pens for $1.5. If he had bought pens for $1.2, he could have bought 3 more pens
for the same money. If he had bought pens for $2.1, he could have bought 5 fewer pens for the same money.
How many pens did Peter buy?

Answer: 15.

Solution. Let Peter bought n pens at $1.5, spending 150n cents. This money is enough for n+3 pens at
$1.2, but not enough for n+4. That is,

120(n+3) < 150n < 120(n +4); 120-3<30n<120-4; 12<n < 16

For more expensive pens we have

210(n —5) < 150n < 210(n — 4); —210-5< —60n < —210-4;14 <n < 17.5
The only integer that satisfies these inequalities is 15.

Problem 2 (15 points).
The teacher is preparing tasks of the form "Find GCD(a, b)". As a and b, he takes two different divisors
of the number 2025 (the order of the numbers in the pair does not matter).
a) How many different versions of such a task can he prepare?
b) How many of them has the answer GCD (a, b) = 1?
Answer: a) 105; b) 22.
Solution. 2025 = 3* - 52. Every divisor is a product of one of numbers 1, 3, 9, 27, 81 and one of

numbers 1, 5, 25. So we have 5 - 3 = 15 divisors. We can get a couple of different divisors in 152£ = 105

ways.
When GCD(a,b) =1?I1fa = 1,b # 1 (14 couples) or a is a (positive) power of 3 and b is a power of
5. So we have 14 + (5 — 1)(3 — 1) = 22 couples.

Problem 3 (15 points).

Let's say a triangle is circumscribed about a pentagon if each side of the triangle contains a side of the
pentagon. Draw a convex pentagon about which it is possible to circumscribe a) exactly one triangle; b)
exactly two triangles.

Solution.

i . b) Lines AB || DE, angles BCD and CDE are ob-
a) Lines AB || DE, AE || BC. Triangle — AFG. tuse. Triangles — AFG and ABH.
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Problem 4 (20 points).

Mrs. Smith buys boxes of treats, each containing one of the toys: either a doll or a robot. Before open-
ing a box, she doesn't know which toy is inside, but she looks inside immediately after buying the box.

Mrs. Smith has two sons, and she wants to give each of them a robot. Dolls are three times more
common than robots. What is the probability that she will have to buy a) exactly 3 boxes; b) at least 4
boxes?

Answer: a) %; b) %



Solution. a) The probability of finding a doll (D) in a box is %, and a robot (R) is %. Mrs. Smith will
have to buy three boxes if they contain DRR or RDR toys. The probability of each option is % . i . i = 63—4,
then the overall probability is 2 - :—4 = :—2

b) Let X denote the event “Mrs. Smith bought at least 4 boxes”. Then the event “not X means that
Mrs. Smith bought 2 or 3 boxes. If there were only 2, then both contained robots, the probability of this is
2.2=21 The probability for 3 boxes was calculated in part a). So, P(not X) = L 4+2 =2 Then the
4 4 16 s 27 16 32 32
probability of Xis 1 — == 5

Problem 5 (20 points).

For some a # 1, parabolas with equations y = ax? + x + 1; y = x? + x + a have a common tangent

(the points of tangency do not have to coincide). Prove that this tangent passes through the origin.

Solution. Let the equation of a tangent be y = kx + m.

Method 1. The line is tangent to the parabola y = ax? + bx + c if it intersects the graph of this func-
tion at one point, that is, the equation ax? + bx + ¢ = kx + m has a single root. This is equivalent to the
fact that the discriminant of this equation is 0: (b — k)? — 4a(c —m) = 0. Let us write this equality for
the given parabolas:

{(1 —k)?—4a(1-m) =0
1-k)Z—-4(a@a-m)=0

Subtract the second equation from the first, we get 4(a — 1)m = 0. Due to a # 1, we have m = 0,
Q.E.D.

Method 2. The tangent to ax? + bx + ¢ at the point x, has the equation

y = (2axg + b)(x — x) + axé + bxy + ¢ = (2axg + b)x —ax3 + ¢

Let the common tangent touch the given parabolas at points x;, x, respectively. Then its slope is equal
to k = 2ax; + 1 = 2x, + 1, and constant term is equal to m = —ax? + 1 = —x2 + a. Let's solve this
system. From the first equation we can express x, = ax;, S0 —ax? + 1 = —(ax;)* + a; ax?(a—1) =
a—1.Duetoa #1,wehaveax? =1, m = —ax? +1 = 0.

We can also check that for some a, a common tangent does indeed exist. For m = 0, the system is
reduced to the equation (1 — k)? = 4a (or ax? = 1). This equation has a solution if a > 0. We exclude
the value a = 0, since in this case the first original equation does not define a parabola. We see that the
parabolas have two common tangents, y = kx = (1 £ 2va)x.

Problem 6 (20 points).
In a convex quadrilateral ABCD, the bisectors of the interior angles are drawn. The bisectors of angles

A and B intersect at point P, the bisectors of angles B and C intersect at point Q, the bisectors of angles C
and D intersect at point R, and the bisectors of angles D and A intersect at point S. The intersection points
form the quadrilateral PQRS.

a) Prove that quadrilateral PQRS is cyclic.
b) Let PQRS be a square. Prove that ABCD is a rectangle.

. . LA+4B 2C+4D .. 2LA+4B
Solution. a) The angle 2P is equal to ™ — =, Similarly, £R =

This proves that the quadrilateral PQRS is cyclic.
B

,S0,4Q + 4R = m.




4D+2A T

=7 and AB || CD.

LC+LD

b) If 2P === = g then 2C 4+ 2D = m, s0 AD || BC Similarly, 20 =
quadrilateral ABCD is a parallelogram.

Let AB =CD = a,BC = AD = b,(a < b); £BAS = £SAD = £BCQ = ¢. Furthermore, PS = AS —
AP =bcosep —acos@, PQ = BQ —BP = bsin@ — asin ¢.

If PQRS is a square, then (b — a) cos ¢ = (b — a) sin ¢. So, either b = a (ABCD - rhombus), or
cos ¢ = sing, ¢ ==, 2¢ = ~ (ABCD - rectangle). A thombus is not suitable, since in this case the bisec-
tors intersect at one point and do not form a rectangle.

MexperuoHajbHble NpeAMeTHbIE oauMnuaabl KOY
npopuiab «MaremaTuka»
3aKJIIOYUTEIbHBIN ITan (peleHus/0TBeThl)
maprt 2025 r.

3agaya 1 (10 6an10B).

[Tutep Kynui HeCKOJIBKO pydek 1o 1,5 momnapa. Ecnu Obl oH Kynui pyuku no 1,2 gomnapa, OH MOT
OBl KynuTh emie 3 PyYKH 3a T€ K€ JAeHbI'H. Eciu Obl OH Kymnui pydku 1o 2,1 qoiapa, OH MOT ObI KYITUTh
Ha 5 pydek MeHbIle 3a Te ke AeHbIu. CKoabKo pyuek Kynui [Iurep?

OTtBert: 15.

Pemenue. [Iycts [Tutep kynwn n pydek no 1,5 nomnapa, morpatuB 150n meHTOB. DTUX JIEHET XBATUT
Ha n+3 pyuku 1o $1,2, Ho He xBaTuT Ha n+4. To ecTs,
1200n+3) <150n < 120(n+4); 120-3<30n<120-4; 12<n <16
Jliia 6onee TOpOTUX pydek y Hac ecTh
210(n—=5)<150n < 210(n—4);-210-5<-60n < —-210-4;14<n < 17,5
EnuncTBEHHOE 11e510€ YUCIo, YAOBIETBOPSIONIEE 3TUM HEpaBeHCTBaM, — 15.

3angaua 2 (15 6as10B).

VYuutens roroBut 3ananus Buaa «Haitnure HOJJ (a, b)». B xaduecTBe a u b on Geper nBa pa3nuaHbIX
nenutens yncaa 2025 (mopsiok yucen B mape He UMEET 3HAYCHHS ).

a) CKOJIBKO pa3IMYHbIX BAPUAHTOB TAKOT'O 3a/1aHUS OH MOXKET MMOATOTOBUTH?

0) Ckonbko u3 Hux uMerot otset HOJI (a, b) = 1?

Otgert: a) 105; 0) 22.

Pemenne. 2025 = 3* - 52, Kax/plii JeTUTEITb SBISCTCS MPOU3BEAECHUEM OJTHOTO 13 uncen 1, 3,9, 27,
81 u omHoro u3 umcen 1, 5, 25. Takum o6paszom, y Hac ecThb 5 - 3 = 15 nenureneidr. Mbl MOXKEM MOTYyYUTh

. 15:14
HECKOJIBKO PA3JIMYHBIX JeNUTeNeH —— = 105 cnocobamu.

Korma HO/I (a, b) = 1? Eciiu a = 1,b # 1 (14 map) wiu a siBisieTcst (MOJOKHUTEILHON) CTEECHBIO
gucna 3, a b seisercs crenenpro yncna 5. Takum o6pazom, y Hac ecth 14 + (5 — 1)(3 — 1) = 22 mapsl.

3angaua 3 (15 6as10B).

ByneM roBoputs, 4TO TPEYrOJbHUK OMMCAH OKOJIO IIATUYTOJBbHUKA, €CJIM KaXAasi CTOPOHA TPEYTrOJIb-
HUKa COJICPKUT CTOPOHY MATUYTOJbHUKA. HauepTuTe BHIMYKIIBINA MSTHYTOJBHHUK, OKOJIO KOTOPOTO MOYKHO
OTKCATh: a) POBHO OJIMH TPEYTOJbHUK; 0) POBHO /IBa TPEYTOJIbHHKA.

Pemenne.
a) [Ipsmeie AB || DE, AE || BC. 6) [Ipsmbie AB || DE, yriet BCD u CDE - Tymbre.
Tpeyronsauk — AFG. Tpeyronsanku — AFG u ABH.
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3anaua 4 (20 6a10B).

Muccuc CMUT MOKyTHaeT KOPOOKH C JTAKOMCTBAMH, B KaXJI0H U3 KOTOPBIX HAXOAUTCS OFHA U3 UTPY-
meK: au0o Kykia, 6o po6ot. [Ipexae uem OTKphITh KOPOOKY, OHA HE 3HAET, KaKasi UTPYyIIIKa BHYTPH, HO
Cpazy Mociie MOKYIIKH 3arjsAbIBaeT BHYTPb.

VY muccuc CMHT IBO€ CBIHOBEH, U OHA XOYET MOJAPHUTh KaXIOMY M3 HUX 10 poOoTy. Kykibl BcTpeua-
IOTCSL B TP pasa yaie, yeM poOoThel. KakoBa BEpOSTHOCTh TOTO, YTO €i MPHUAETCS KYMUTh: a) POBHO 3
KopoOku; 0) He MeHee 4 KOpoOOK?

3 . 27
OtBerT: a) o 0) ot

. 3 1
Pemenue. a) BepostHocTh HaliTh B KopoOke kykiy (D) cocraBusier @ pobora (R) — " Muccuc
CMuT npuaercs KynuTh TpU KOPOOKH, eciii B HUX HaxosaTcst urpymku DRR unu RDR. BepositHOCTD Kax-

3 1 1 3 3 3
Or'0 BapUaHTa paBHA —* — - — = —, Toraa o011as BEPOATHOCTh paBHA 2 + — = —,
A p p 4 4 4 64 A m p p 64 32

6) ITycts X o603Hauaer codpiTue «Muccuc CMHUT Kynuia He MeHee 4 KopoOok». Torna coobITHE «HE
X» o3Havaet, 4yTo Muccuc Cmut kymwia 2 uinu 3 kopoOku. Eciu Ob1 uX OBLIIO TOJIBKO 2, TO 00€ coiepKain

1 1 1
OBl pOOOTOB, BEPOSATHOCTH 3TOT'O COCTABIISIET PP BepositHocTh 117151 3 KOpoOOK OblIa paccunuTaHa B
1 3 5 5 27
vactu (a). Utak, P(He X) = — +3; = 3, Torna Beposthocts X papHa 1 — — = —.

3anauya 5 (20 6aas10B).

Jlns HekoTopsIX a # 1 mapa6oJibl ¢ ypaBHeHUAME Y = ax? + x + 1; y = x? + x + a uMeroT 06m1yI0
KacaTeJIbHYIO (TOUKH KacaHus He 00s13aTEeIbHO TOJDKHBI COBIAAATh). JJOKaXKUTe, UTO 3Ta KacaTelbHas Ipo-
XOJUT Yepe3 Hayajao KOOpANHAT.

Pemenue. [lycts ypaBHEeHHE KacaTenbHOU OyaeT y = kx + m.

Cnoco6 1. Ipsmas sBnsercs KacaTeldbHOM K mapadone y = ax? + bx + ¢, eciv oHa IlepeceKaeT rpa-
¢ux sToif QyHKUMH B OIHOM TOUKe, TO ecTh ypaBHeHHE ax’ + bx + ¢ = kx + m UMeeT eIMHCTBEHHBII
KOpEHb. DJTO DKBUBAIEHTHO TOMY, YTO JUCKPUMHHAHT 3TOoro ypaBHenus pasen 0: (b —k)? —
4a(c —m) = 0. 3anumieM 3TO PaBEHCTBO JJIsl JaHHBIX MapaboIt:

{(1 — k) —4a(1-m)=0
1-k)Z—-4(a@a-m)=0

BrruuTast Bropoe ypaBHeHHe U3 nepsoro, noiaydaeM 4(a — 1)m = 0. Ilockonbky a # 1, To m = 0,
YTO U TPEOOBAIOCH.

Crnioco6 2. KacarenbHas k ax? + bx + ¢ B TOUKe X, UMEET ypaBHEHHUE

y = (2axg + b)(x — x) + axé + bxy + ¢ = (2axg + b)x —ax3 + ¢
[TycTp 001mas kacarenbHas KacaeTcsl JaHHBIX 1MapadoJl B TOUKAX X1, X, COOTBETCTBEHHO. Toraa ee yr-

noBoit ko uiuent pasen k = 2ax; + 1 = 2x, + 1, a cBo6OAHBIA uneH paBeH m = —ax? + 1 = —x3 +
a. JlapaiiTe perum 3Ty cucTeMy. 13 nepBoro ypaBHEHHs MOKHO BBIPA3UTh X, = aXq, Toraa —ax? + 1 =
—(ax;)?*+a;ax?(a—1) =a—1.Hockonsky a # 1, To ax? =1, m = —ax? + 1 = 0.

MpbI Takxke MOKEM MPOBEPUTH, UYTO AJII HEKOTOPOTO a oO0Iasl KacaTelnbHas ACHCTBUTEIBHO CYyIIe-
crByer. IIpu m = 0 cucrema cogurcs k ypasHenuto (1 —k)? = 4a (uwm ax? = 1). Dto ypaBHeHHE
uMeeT penienue, ecinu a > 0. MckirouaeM 3Hauenne a = 0, Tak KaK B 3TOM ClIy4dae ePBOE UCXOTHOE YpaB-
HEHUE He ompeenser napadory. Mel BUaAUM, 4TO mapaboibsl UMEIOT JIBE OOIIHE KacaTelbHble, y = kx =

(1 + 2a)x.

3anauya 6 (20 6aas10B).

B Brinykiiom getbipexyroiabauke ABCD npoBeeHbl OMCCEKTPUCH BHYTPEHHHUX YTJIOB. bUcCeKTprCh
yrioB A u B nepecekatorcs B Touke P, Ouccextpucs yrinos B u C nepecekatorcst B Touke Q, GMCCEKTPUCH
yrioB C u D mepecekatorcst B Touke R, a 6uccekrpucel yriioB D u A mepecekatorcs B Touke S. Toukn
nepeceueHust 00pa3yroT 4eTelpexyroabHuK PQRS.

a) Jlokaxxure, uto 4eThipexyroibHUK PQRS BrnircaHHbBIN.

6) ITycts PQRS — kBanpar. [lokaxute, uro ABCD — npsMOyTroibHHUK.



LA+/B  £C+2D LA+/B
= . Anajorngso, £ZR =

7. DTO JOKA3bIBAET, YTO YEThIpEXyroabHuK PQRS BrnivicaHHbIN.
B

A-V |

Q

Pemenue. a) Yron £P paBen w —

, moaToMy 2Q + 4R =

D

£C+24D /D+2A
0) Ecm 2P = = g, 10 £C + 4D = 1, tak uro AD || BC. Anamoruuno, £Q = >

AB || CD. Yetnipexyronsuuk ABCD — napasnnenorpamm.

ITyctb AB = CD = a,BC = AD =b,(a < b); £BAS = £SAD = £BCQ = ¢. bonee Ttoro, PS =
AS — AP =bcosp —acos@, PQ = BQ —BP = bsing — asin¢.

Ecmu PQRS kBagpart, To (b — a) cos ¢ = (b — a) sin ¢. Urak, m60 b = a (ABCD - pom06), mu6o
cos@ =sing, ¢ = %, 2 = g (ABCD - npsimoyronbpHuK). POMO HEe MOIXOauUT, TaK Kak B 9TOM CIy4ae

s
=-u
2

OHMCCEKTPUCHI ITEPECEKAOTCS B OJTHOM TOUKE U HE 00pa3yloT NPSMOYTOJIbHUK.
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